0 2= HE(F I 71x)°l disfl ojd FH A & AAA
d35j...

o7|M o] T2 tizf ot 25Ut 2220 de] e el dis 7 Iz
otsolHA L, dAe] AlFoA & B 7HA] HSE(dlE S

Wats] BASAY, GBA R ASHE S TR BEHAY 55)L 24
AU Aere b4 FgolmAl, B 0] S8to] oS & o Weis Zlolek Azt
A&tk (ols 4841 AT} ol A% Apol7} 9 4 Glrke ofmldyTh

Ir

I 5t Hartshorne®] Geometry: Euclid and Beyondgh= o] &Yt} o] A
Qe Yol tof BAg B, §22me] Ao AXE Jal5} 1 2
k=3

M 719 Oz wotsd &= 7 E vlad AASH g Fal 1AL, [o]



9](Definition), F%(Postulate), % 73 (Common No-

tion), WA (Proposition) 0. &2 ©]Fo]x i1, 9]

olJ

Ho

Ho

=
)

ol

Ho

__MW

1.1

ny o2 47

pal
=

EEE

=

il
%

o

A

o
o

1jo

K

3

BD= [42 ABO] d7Adel <]

gho]

oha 8k, 7} BACS} 7} ABDO]

12} 229 ACS} BD=

S

o]
AA

Bo

A

utd|

} BAC2} 2+ ABD

#7to] 5w} At

o4 et

g
i
)
%

et oz

A ekl

olg 2=t AAs

%

al

X

ol

X+
%

—aH’

= gloje] 4 Ao

oF
o

o] AA 1, Al o] A

o]
=i

1t} (equivalent).

> ©O

A5t AT et 55

[oXe}
T

e (1.279]

S

%

8

o Z|zke] & uje} oWl ACSE BD7} %

g

7oA 7t BACS} 7} ABD]



1.2 3& A4

35 Ado] old AZA 7
o =
=2 X

e
ol
>

]l dHE7] feiME dE 182 A WA gA|eF Zo] Hie Aol F

U, el of| 4:5H4 A Boli Ho| 1 BAIE o] | 45k oAb FAsHE o]t 1
o= s AaEe FAE BAl.
[e)

v} 2k (]3] BE fFe|E0] PO ATl ML

CD=al 8kl BE $4

+ Y& 124 ACEZHAL stal, 4 ColM ¥50] A=E

webA, 471 ABC

e ol gt

o714 75 22 “H A7} 9 CDBE] 40| B2, ACE ABS} 2t 0|tk o 4@ S0l
BT} o) 21 A ACS] ol AR ABY Zol7} 2k RlolAg, A2t 13 5
oFeth ARSC] S5 YW b 1 FYH 50| 2k s 2 (S Emeasured] S
ok 18 W2 w Frho] ohfel, AR Eo] 2rkn Wit

o] Pl f2EEL 249 BHE Aolo] 2L W5, 2Tt 2} Afe] o] Zg-L o]t



349 EHE Aolel 22 olop|dtt. At f22E7 2449 RYE Alole] 2ag o)
A ojule] Bg(ufebA, TokAE, A2 e F pe)S oleb|stn gl
AN R, §2E =2 RAE A2 AR FEHE AL oY

A7)t of
ot A ool TE A 13} 42 7.

) 5
o 27|z i, F i 10] @k A2 =3 2t

a~bolil a~c b} cof thsl], b~ c
b~aolil c~al b2}t col tisl], b~c

01714 ~ 9] reflexivity7} L Elo] STk, B A 1 ~o] @RS 27t FE5
relation)2F31 H21 219 40|12 WEAZITHE Zlo] ek, E5, BE A 4k, 5 ASL AR
Pk 2o olshslo] gt
2&, 1r} gAshl stelwl @59 Aol ule] ol glofok sk A Mum 22 4 9rk
wrot A8 (Bl 5, tiAols, skl 5] @A)el o8] BulAle AFEAst} 1
olsfetehel, 250l Aol WA Tomok @ 7ol L, :za»;— CERES
=l Es A

(o3

s Zva} 74 o] $HE-2- primitive notlon/ternﬂ_‘li = O o] 25 42 o] b, thzd o] b
558 FA4sH= W2 At Hartshorne®] Geometry: Euclid and Beyond TESH 11 W&
wem gt

IjgHet sl (R ool S ol 2 Ajteta UAIT, ofF BoldeAl:s & Rt



1.2.1 2739 =39 2ol disiA

a A AR e g 24 2] dojA fEss F 7 TR 2 NEe
AHEShE AL Heltt Shth= goldts ofn] 9] Zgolil, thE shte tizf ot 22 79
It

djo
=
i}

]

=
¢) 249 £ A%t B7} P Hio] glomA(Rasiay 3% Fo] 2249 mgt
olet ofulof ) FHR Aol 2449 = ColiL, 249 =g A6 B7F B Fo]
GlomA FAH Zo] 2249 £ Coli, Al AT 23 B B 2ok 544 Tejw

E
234 £ ASH AV 2T, A9 BEQl 23] £ BoF A’ BEQ 24 £F B’
Zrhal spAt 129 AdlA] BE dofll A3 A B'E dofdll Zlo] A& At

7} 2

(¢) 249 £ Ao} A7} A2 21, 249 £ BE A7 22 249 w87} gA=
Ho] glomlA ¢ Aol Aol 224¢ B B'E 1A 2L 249 £} AAE
Rl glowA g4 Aol Aolata i 18w B B} 2.

(f) 249 =9 B7} 2449 B8 A°] ARBolak 514 W As} BE 24 gt
(Z% M4 5)

I8 A8t oI,
Zo Aol P2 EASHAR T2 4 ok BE, 244

E.

gt
-7t
=

=

AHo = 919 (a)~(f)E 25T =
Tgolgte A AYH RO 2 (Lebesgue-measurable) F-27 i}ii 7‘}—1,—@ & 221

2l
9| gro] FrHe Aoa PEats 57} 2o] A7 (a)~(f)

Tgo] ZrHe AL 170] 2
g wEA7]71E @ Zolt

5 4 9
ZF-8 4=3fst v} QIth. o]o tjst AL HartshorneJ Geometry Euclid and Beyond 2] 53o]| A
= 9 4 Ak

VE, 919 (a)~(1)T WESHE Tiztg el 28] Fold Qky she, ol AE AHshs W
o] Zil Fol7} Z2 HHANHAF L Az Z(L36), EHo] Zi Fol7t T2 HAFL Az &
G (L39)0] thet HEAES] ZBE A Tehz Wol 5 4 ek



1.3 T3} B3

ojFolA thA] 2o 18 A 12 Eoteat A AL olH

o
AE 407 5131 ABE WxE02 3= 92 184 BCDZA 511, BE &4

95 I8 ACE=HL 514, 4 Colq dE°] A=E

H A7} ¢4 CDBO] F4lo|2 2, ACE ABS} Zt}. tiA| H Bl 9 CAES] F4]0]
CAZ} AB¢} Ztha 51911, CA9} CBE Z42F AB¢}

gt 9 U AN 2 AS2 IAE7E A= 2ok ohebA CAE OB 2,
webA 1 Al CA, AB, BC= A& Zth
webA, A2 ABC= Aol o3 ABE g Ho g sht|, o]Zle] TtE

e o] gt

oA, A A FAOE 513 WA Fo] ABYI Uit 3 BE 3
o] FEOR it ol EATTH: o] wh wglo] T gle. ol tha) chek 2ef A1)
N, 1 @49 EAE o] Beful Fel7t BEHojof Bk AaSe] it

2ol npet @RS AFAAE 2R A Ao] WAl g AES olFold 4 9le A=A
4T B AHIIE S, DK} B B FAE AR Pek



1.3.1 g ZIE? =
g Sof, BH7|st W2 @A) = s, JFF oz

o] 7|3ksto] Wre A2 g7k B2 o Al grro2 A Folh

oF Zre o] Fa7t Ade(2 FA2Ql formulatione B A4S FAS o ARgSHE did)7]
E dete] 75ty wrdololA dqHZIES] Fejetile 23, 1wl w3 Cof EX= o194
a7 olalg 4= QUth(AS 9H, BE (1, 0)ol Ti-sdtetal £, (3,) o] -85l Ho] €7} 5]
BAE7H)

1.3.2 E2A7]9 Zd

oheh 1 Bet 1bee BEO

ReER
F2o nE 1A foundationsq 3ol &

HA
(1714 o]Z] Agts| F& oquidAle theA] FAH) 12h=2] Wollq 2dE 5 e F2E
A& Aol

G2 A b Sl 1 Bl e sole] Felen oa(o] Bk ol
o144 ehehel, 1 B2 av] o] Felehed olrhs A HE2 Yolrte okl
A 2Est ATRY Fels, Teluzt dat A4 17 Al mowa A7k 4 9
Aol the = 3 Aol % o3t paE 2 vl ), ARl §F
AT

°f
T2 Al WS Pty 7] 2 shatF] 1w o] 5o tisf thol

r&"

HP, Y437, e =471 @%%(Eog@ FolH, W
o A2 g2t F2 9} AN FHoRA FH Aol At
ShH, HPol BaABele} eh2ss|o] BeE G4 A sigsks FeAE st e g
A Sick. ol QAf=elet (HP + BHZe + e2iy|o] e)urozt 4k ogt S0
AUES BRG] 257 BhZ] T Zolek.(BoF 1A rkA Yhe] By Felol o)
st oA 4 girh

1.3.3 9-9 73 /2

1] QA T vkl o] Uit 9] o) he AES ol BolW 4 U AR BT TS
P 45 glek. o] waeh olyet Ade] 2 meinlo] glrka s, 1 ok,

N

20] of ETIES] FelE FPAsHA Esv]e] Felst FHHAW, 9L HHshA] ghert
SHP 9 JYATL B IaeelnoR B@Psstch



(-9 22t 43) o Cof yiiol 2le A A, C9] &7 e %

=
7} A ASH A BE Adhn shat. Zeid 9 O 9 ¢'9) o] ZAae

pa}
oo+

2l E)27E Y75 dvte A
427} ) 72 g7 R2 o A] (HP + 422
)7t B AdRSta B3 A3t R? o= Aol A5 wiEel, (HP + B34d%

ol [e)

bR BE 7)o FeE e B BrE FEEAN, 48 ddetd g



2 2ol 9E 549 29 oS

2.1 Ao 3

AR 57| 4 3L e} Lk,

V.def.3

(Acerbﬂ) A ratio of two homogeneous magnitudes is a relation of a certain kind according to
value.

(Mendelﬂ) Ratio is a sort of condition of two magnitudes of the same kind according to their

size.

941, 27 (magnitude)2He Zo] S5k 2715 ol8] 744 ER7F ek Taixl Al
oFell A Bk AR, 234 kb, 33He ThA] S0l 27t ERety A7t STk B o))
Ho| 27158 7)ekeHA tabe asket of| Anteblnchs, Fset da AAlekT A7kshe
A £t

5 AR, Z471e] R 1 £70] 2715 Aolo] 2 1A U AT 9, £
R CERE e
7tk Zo] mle] %

a8 Mol 2

a~bolila~c bt cof thf], b~ c
b~aoldll c~a bt col tisll, b~ ¢

(2) (a+b)+c~a+(b+c)
B)a+b~b+a
(4)

a~a ol b~bolHa+b~d +V (BFF HE 2)

5Acerbi, F. (2021). The logical syntaz of Greek mathematics. Cham: Springer.
Shttps://web.calstatela.edu/faculty /hmendel / Ancient %20Mathematics



a+b~a 4+ ol a~aolHb~Y (FF N 3)
(5) a, boll el ks g Al % shupoleh.

(5-1) o@ cofl sl a + c ~ b o]t
(5-2) a~b
(5-3) oJH cof thdf| b+ ¢ ~ a©|T}.

(6) $19] (5-1)9] A9oll= a < b2l (5-3)9] H%oll+= b < afal o]t

o Fol, Ao FPolt AR T WAL AL FHo|ck AR ABSH A CDe o,
A BES} A CD7F g5l 517 s, WA AB $19) 4 EJ7h E45k, A4 ABst 41 CD
o Ge Hi AER E 5 ek @A AHIAE ol Held Aol gol dhef AeuA, i
A Sol JUDLIE & FAoF ST, §F =t TR 12 FASHIE R 02
# Aol g Ao Y Rojt

2749 1219 0] 9ol 2t e) T8 AL 919 (a)~ (D)o A o718 T01 T, & A+ 2
919] (0)oll4 a3 01ck gk o] 23 E) chzke A} Bol o A < A+ B 2 ool
% ke, ol “EAE HREC A ey Wokt 3% AW 59 o2 E o 4 ot

o) 13} 28 A4 QAFeA = QAT T4l 1xo)A Wl vk, SaolA] 27 o o] 26, 36, 43,
740

€ Aoltt. A& 5de] HY Ao TP Hot, Yt ofsfishr| =&,

27] a7k 92, AQ% a7k Aok 54 2 b7} a o] afehe AL Tt 2ot
a~ay - a~andar, o, ao 7t EASI b7} ay + o+ ag o]k
ol 57 WA 1ol4 AAZ T Ao ket 297 o]t
7] a9t b7} 4, 5 2] e 9 d 7} QU 9k di= 242k a9} b o] 26feka sk (o],

¢+ a1 +a20]2l d= b1 +b20]3l a ~ a; ~ a ©]2L b~ by ~ by Bk Aot 1A
c+dXx a+ b2 28fo|t}.

olo} e HZL oAW 7159 ~ ol thek 557 (equivalence class) 7t o 2715 AAo] chsH
=513 9ol MY 4 lek. 2R o] 9R Y WAL Uet 4 SERE AL ¢ Az 19T



o
Az
>
o
o
=
%
(2
=
rr

2.3 A9 3, oA a2 9 4

o4 <

5AC] Ao 304 AmE A Fd ASS AEAL

V.def.3

(Acerbﬂ) A ratio of two homogeneous magnitudes is a relation of a certain kind according to

value.

(Mendelﬂ) Ratio is a sort of condition of two magnitudes of the same kind according to their

size.

2
N,
R
=
o
=
-
B
Mo
ol
e,
L2
° N
N
N
A
Ir
I-'J
)
A
rr
4
u
N
i
=2
L
rek
EN
)
0

=

41
2,
1p

o FIIF

e 4

i o
BN
w M

o offt U
o e
e
N
N

2 Lo
W
N
o,
E
S
N
Q
lo
w
=
D
Kl
_O'L
T>‘i

lo
w
=
};
Ry
)
H o

=
1R
4 > of

1o
= w
=)
KD
EE
>
S
H
=)
2
N
N
kl
<
rr
53
lo,
=
rr
;
)
I
rlr
N
N
fle
=
%
>,
N
[
0,
o
ku

fo
)
&
Mo rr
ol
e,
Nl
fo I
>
<
rr
8
1o
e e
L =
g Mo
o R o
o N
o >
|
T
i H
o Mg
ok
M o
i% &
[
o
[>
>
o
=
ol

g ow [
£ o
m‘m a1
=
N
>

e 1o
-
I
>,

o=
O

oy N

;

D

=

S

<

= rr

8

lo

[N}

=

H

)

¥

=

<

lo

[N}

r

oy
rr
W rlr

ol
-

o, B7FSlolA a=cY a
= 4 Aok SRR ¢}

1
Hel Bt 9en TEE

of
12
N
N
SN
rek
W
N
t
W
N
8
S
N
N
of
12
N
N
ir o
W, &
z flo W
[}
i)

o

rr
o

Io,

=

=,

T,

rr

R

)

=

>

g,
e
T

)

RV
ca e oo

oo &

A 9] oo LA 2

off
o
Htl
of
ne
rol

A

%0,
R
lJ
i
Sk
on
1o
N
BN
il
4,
2
ke
[oZ0%

o 50]

R B |

shl, gloF thgo] AYshs 5 AH a, b7} gleka oA B

as bET 24, a9 28 bHET 241, a O] 8= bET AL, -

7Acerbi, F. (2021). The logical syntaz of Greek mathematics. Cham: Springer.
8https://web.calstatela.edu/faculty /hmendel / Ancient %20Mathematics

11



28] 97} gl & Slatstol AL 17 Ato] EAakA Stk 1A Slok 2 Ak o, b7}
A5k 7]5tatol gﬂ 0}11% orm, AWE 19 T AE a9k b7h ZATICHL o BAL Tl ¢
=a .

] =

H|- &7 A5l 2 Ltopzithd Tolv} o)Al
AE a2t b7t thag& THEA7]= 5ol 2talfA
g o] 4] 8ol

(a,0) 9 (20,6) 7} BLT ZAEG WENZITHE A, 0|22 ‘a 2} b o] ¥lE-2 29} b o]
2 $x Atk gebd, fEFese] 92 530
v astbel Bl&-S AT A, el

o rlr

I

aZb bR AAY, a9 287} b Hy ZAY, o & 387 b BT ALY, ---
b7k asiek AAY, 0] 2007k a ek AA, 09 3 a Bk AAL, -

g2 wotd ofzrHH 2 o] Fists 99 oA HleS T Alv= A g (o=
il HH 7_'

o] 37} 717

m{m

24 AHO5

1Al gholl A of|atet, FefrHs Aot 272 9 of fof FEsH -5 22 285 “sLT 1

22 7H30] o2 2k 1 Bt Bt 2ot

[*]

V.def.5

(Acerbﬂ) Magnitudes are said to be in a same ratio, first to second and third to fourth,
whenever the equimultiples of the first and third, according to whichever multiple, respectively,
either exceed together or be equal together or fall short together of the equimultiples of the
second and fourth, taken in corresponding order.

(Mendelﬂ Magnitudes are said to be in the same ratio, first to second and third to fourth,
whenever equal-times multiples of the first and third either together exceed or together are equal
to or together are less than equal-times multiples of the second and fourth, respectively, according

any multiplication of whatever sort,
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A Hartshorne?] Geometry: Euclid and Beyond2H 9] F+
AE&E

“Euclid’s Propositions (I.2) and (I.3) about transporting line segments are effectively replaced
by axiom (C1). Proposition (I.4), (SAS), has been replaced by axiom (C6). Proposition (I.5) and
its proof are ok as they stand. In other words, every step of Euclid’s proof can be justified in a
straightforward manner within the framework of a Hilbert plane. [...] Summing up, we have the

following theorem.

Theorem 10.4 All of Euclid’s proposition (I.1) through (I.28), except (I.1) and (I.22), can be

proved in an arbitrary Hilbert plane, as explained above” (972, 102%)

“From the point of view of this book, however, there are two reasons to avoid using Dedekind’s
axiom. First of all, it belongs to the modern development of the real numbers and notions of
continuity, which is not in the spirit of Euclid’s geometry. Second, it is too strong. By essentially
introducing the real numbers into our geometry, it masks many of the more subtle distinctions
and obscures questions such as constructibility that we will discuss in Chapter 6. So we include

this axiom only to acknowledge that it is there, but with no intention of using it.” (116%)
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