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V.def.3
(Acerbﬂ) A ratio of two homogeneous magnitudes is a relation of a certain kind according to

value.

magnitude)2H= Ao] 54517 27150 o 714 F57} Aok Tel A,
9 T2, 339 thA] Sol A7t Rt AZetd HAY. Bd 47149 27158
P)eketa qiabe Sslet o| Asfalr|whs, Jlshet oAk AAeta Aztele A EA

o
>
|
N

N

N,

N

N,

N

57 AN, Zhzte] FRukc, 1 E7 DAE Aold] g A W S ARAT U, B
1 ER] 2715 that T A4 Dol Gato] FoiA 9li, olSL o 2L HAL WA
T o] 019 FolA ek 23 3 . 27 B4 1S 29 MolAD
T Mol 2 B ~, & A4 + o] FolA 9l ool sl chgo] Ak (el5ke a, b, ¢
552 BE Mo £3h A5olth

(1) @5 AL AR Bk (1714 2715L 47} A7) 247t g5 olet sa)

2 2AE/Y Mz 2ThEFEAY 1) 3,

a~bolila~cl b2} cof thiall, b~ c
br~aolic~al bt col Hidf, b~c

3) (a+b)+c~a+(b+c)
4)a+b~b+a
()

a~ad ol b~VOolHa+b~d +V (FF NE 2)
a+b~a +b0 ol a~aolHb~Y (FF Y 3)

(6) a, boll tisl, 4&s] tha A F stutoltt.
(6-1) o@ cof Aol a +c ~ b o]t
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(6-2) a ~b
(6-3) o1 cofl tsf b+ c~ aolrt.

(6) 919] (5-1)0] HLo)= a < bk, (5-3)9] Ao b < adti Aot}

oS o, 0] Aol AR0| 2 AL 420] FEolt A ABS} 42 CDo| o3
(4% BESH A8 CD7} @50l A shz, w14l AB $19] A E|7F £415ta, 43 ABSHA1E CD
o] Fe HE AEZ £ 2= olth. A9 A|H AL o]DA A5l HEo] dlo tia] AT, W
S92 So] HATTH= 212 SHelsof AT, 2l IS wha SlsHHE ghekT vlg]
Z g9 Eo] gl Ao A7t Xttt

(a) & 2744 =P A2 Lt

(b) LT 22H =} 22 271 =R E2 A= 2ot

(c) 22t = A9} B/} HA= HEo] glomA(RAsiAtH F5 REo] 234 njqt
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1.2 A1, 2

7o) 19} 28 A hFshAli SPAITh Al Lol A] Wohis vk, SelolA 27 a o] 20, 34, 4,
55| Aol FolA gIeke glolth. UL 579] B YA FHOR Kok, U7} ofsfshr] 2,
a7e Theat g g oz maltt,
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arai, - a~aqflar s ao 7F EASAL b7F ay + -+ aq 0T

ol 5d A 1914 AA = FHet Ao thadt Et7] Hzoltt

37] a9 b7} 913, Ea 27 9 d7} U, 9 d= 22} a9 b o] 20} sk (o],
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1.3 A9 3, thA. 283 F9 4
o)Al 92 5A2] o) 3014 AW EA) FAH ASL AHu,

V.def.3

(Acerbﬂ) A ratio of two homogeneous magnitudes is a relation of a certain kind according to

value.
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1.4 A5

V.def.5

(Acerbﬂ) Magnitudes are said to be in a same ratio, first to second and third to fourth,
whenever the equimultiples of the first and third, according to whichever multiple, respectively,
either exceed together or be equal together or fall short together of the equimultiples of the

second and fourth, taken in corresponding order.

OIAE BUE W AN A S0, HAZY ACEDZ} 3, i ACE 4R ADS| 2
oI, B ACS| 3017, {1 BDSH BES. Tel e ob. % ofafst 2,

Je)1 WAt a=DB,b=AB,c=DE,d=BE &t1 £2h(Exa=d=+v2,b=1,c =221
% A

RZFSoI .. 7) 2R, ol ARt Sl 4

a>b,2a>0b,3a>0b4a >0, - c>d,2c>d,3c>d,dc>d,---
a < 2b,2a > 2b,3a > 2b,4a > 2b, - - c<2d,2c>2d,3c>2d,4c > 2d, - -
a < 3b,2a < 3b,3a > 3b,4a > 3b, - - ¢ < 3d,2c < 3d,3c>3d,4c > 3d,- - -
a < 4b,2a < 4b,3a > 4b,4a > 4b, - -- c<4d,2c < 4d,3c > 4d,4c > 4d, - - -

(a,b) 9k (c,d) 7} Y2 o] FLY ()= WHAIZ W], a7t bofl Hish 2tz Hl&3} e 7k d o tisf
Zt= Hl&o] Fdstthes Zlo] 98 53 49 571 Yok Aol

1.4.1 A5 WZA7|=A oBA AT 5= A=Al i)

ol7]A 73] W2 caseg& o BAl Flot=A &

= a2t b tisfl, ae x93
Hjo]al b= o 9] 282kl Sk TRt coF dofl sl c= y 9

4
Wjol i d y o] 2wt s 1w

2a = 3b, 2¢ = 3d

4 Acerbi, F. (2021). The logical syntaz of Greek mathematics. Cham: Springer.



o]il, o] = H

2a > b
2a > 2b

a < 3b,2a = 3b,3a > 3b,4a > 3b, - - -

2¢ >d
2¢ > 2d

¢ < 3d,2c=3d,3c>3d,4c > 3d,- - -

2a < 4b 2c < 4d

oltt. ¥ 2a > 2b°|EE a > bo]al WatA 3a > b, 4a > b, --- O]t} ESE 20 < 40 0| B2
a < 2bo]il, 3a > 2b, 4a > 2b, --- o|t}. At}7} 6a = 9bO]EE 6a > 8b, 3a > 4b, 4a > 4b, - --
ojt}. o]= c &t dofl A upEk7ER]o] AL, A= thgo] AY S Aol

20 = BpEHE, OWF 4A% o, f2 AAHLE, 0] a7t b fEjET 22
gex) ex] fely sk

whe A, Foprhs s 217} Solo] S910] B il 7 FolA 9
st ool £417} gt

5tH 9]0l ¢ = DB, b= AB, c= DE, d = BES}

a>b2a>0b,3a>0b4a>b,--- c>d,2c>d,3c>d,dc>d,---

a < 2b,2a > 2b,3a > 2b,4a > 2b, - - c<2d,2c>2d,3c>2d,4c > 2d, - -

a < 3b,2a < 3b,3a > 3b,4a > 3b, - - c<3d,2c < 3d,3c>3d,4c > 3d,- - -

a < 4b,2a < 4b,3a > 4b,4a > 4b, - -- c<4d,2c < 4d,3c > 4d,4c > 4d, - - -
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2 §2Fco 92 57 B HE, 2

21 AH9 7

(o171 MR E = 59 1590 A4 AJ7ke] g 7]uket A
V.def.7

m9

Uk

(Heath) When, of the equimultiples, the multiple of the first magnitude exceeds the multiple
of the second, but the multiple of the third does not exceed the multiple of the fourth, then the
first is said to have a greater ratio to the second than the third has to the fourth.

ol=, ol A m} nofl Wil ma > nbolARt me > nd7F obd W (ZF ma > nbo]il

Edtme < nd¥d W) a: b= c: dBY IAth= Aotk o]AS a : b > ¢ : dEal A7|E SHA,
a b <cd:d=cd:d>ad b2 ol stAt

2.1.1 ArEH(trichotomy), 1

JdgH a:b=c:d% a:b>c:d7} Ao AFGSHA] &= %Zﬂ%—ﬁv—
a:b<c:d7} FAO) A e Ak 25tk oAl a: b >

st 2,
ma > nb, mc < nd
m'a < n'b, m'c>n'd
ol ZFAS m, n, m’, n’ ©] Yt 5k} 12jH

mm'a > nm’b, mm’c < nm'd

mm’a < mn'b, mm’c > mn'd

nm'b < mm’a < mn'b

mn'd < mm’c < nm'd
o|Z, nm/ <mn' It mn' <nm/ & doBvZ HLo|th

Aesti a:b=c:doa:b>c:d9%a:b<c:dF & olo] FA| A gkerh

2.1.2 ArEH(trichotomy), 2

a9 o, olut theS FEEE Aog relth Al & shurt A™ditis A
oo gl AH Y & 31, th2v} 72 HH-S =i ol



% A5 shiao] JARTHE AL oAA G HAY & Uk (71 HREE 27 Lold 4=
Y BHEL elste] 7|88 AHgstel T Aofeh WO R H/5 1A Gt “BE Ads
m, ol stel” & (vim,n € N) 2, “o8 2% m, n o] fote]"t (3m,n € N) £ 231, “Te]1”
AR, "B VE AL, QL CAoH Boltt. 12|41 BoJH Ao|tf= A < BE 27Hh)

(A) (Vm,n € N)(ma > nb <> mc > nd)

(B) (3m,n € N)(ma > nb A mc < nd)

(C) (Im,n € N)(ma < nb A mc > nd)
Eehasb—c:dE thaat 2ol & & 9ok

(Vm,n € N)[(ma > nb <> mc > nd) A (ma = nb <> mec = nd) A (ma < nb < mc < nd)]

]

I a:b=c:dzne (A7 ol A2 BHSEE, (AR9E a:b=c:dg Hold
Bajet.

ofy

ot

aﬁ@'qi ]’J—’_, é_]_' ma = nbﬂ-_]_ 0]—1]' 1 Uﬂ me > ndo]@ (A)Oﬂ E__)‘L\_o]_]‘7_7 me = nd
(1)'—'_1 O] q_ U}E]'/\i me < nd ﬂ’_]_ o]-Z]—

—~

A7}
ol
WeF (m 4+ 1)e < nd A (m + 1)a > ma = nbo|B2 (A)e} &o|th. T3k THeF (2m + 1)c <
2nd2H (2m + 1)a > 2ma = 2nbo|BR (A)Q} B4o]1, tp7X2 (3m + 1)c < 3nd=H
(3m+1)a > 3ma = 3nbo| B2 (A)2} BHo|th. I o2 7|H g A Ao 9J5te] (m+1)e < nd,
(2m+1)e < 2nd, (3m+1)c < 3nd, --- & sly= /\3%0]'13]-@ w2tA ma = nbOJHA] me < nd ?l
Qo (A)2} mazolc.

kT

r ox

o
o,

-

(Vm,n € N)[(ma > nb <> mc > nd) A (ma = nb < mc = nd)]
£ TR A°lAL, oA o]z H
(A") (Vm,n € N)[(ma > nb <> mc > nd)]

I 5 Ak oAl (A)gh (A)2EE axb=c:dE D& AL 197 gt

2.1.3 A9 59 7 .}A] B
o1zl FHE Ao 59} 7ol Tt AL mobA HEe) BAL $M ab=c:di:

(Vm,n € N)[(ma > nb <> mc > nd) A (ma = nb <> mec = nd) A (ma < nb < mc < nd)]

62 = nd—mcetil k&b 218 W of27|mgl A A= 95, o' 2t ko] thsl kx > coltk. 121 knd—kme > ¢
o], (km + 1)e < knd o|t}.
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2 ALY, a:b>c:d=
(Im,n € N)(ma > nb A mc < nd)

b < c:d>a:b2 olgst7|2 kA 18| AHo|7EHE HIR
ol oA, 2 o5 ¥ AHo] BasHA &2 Ao g et Xtk (o714 -p= p

a:b=a:b (
(@a:b=c:d)— (c:d=a:b) (
a:bta:b (3

(

Slla:b>c:d)A(a:b=c:d)] 4
T, F22lEe 5 BA 109] SN tdas TR SYSHA] il AT
Slla:b>c:d)A(a:b<c:d) (5)

(5)9] %2 919] 3.1.10] glek. 1 9lo] the-e AZE 5 9id, oA AgFHE FHL Hol
FEe|Co] U 5UNA L obd 2] Rt

[(a:b>c:d)V(a:b=c:d)V(a:b<c:d) (6)

[(a:b=c:d)AN(c:d=e:f)] > (a:b=e:f) (7)
[(a:b=c:d)AN(c:d>e: fl = (a:b>e:f) (8)
[(a:b=c:d)A(c:d<e:f)]—=(a:b<e:f) (9)
(a:b<c:d)AN(c:d<e:f)] > (a:b<e:f) (10)
ol T (1< F2¢lEx ¢& 539 YA 1104 TSI, (8)2 9E 5¢ FA 1304 FH -
(9)E FE2@lErt th= S = @4l BY 3ol M Arget Aer Ho 1% l E}”} 15180l (8)9
293 27 e ok Aoltt
(10)2 F22 =71 TPk A (it 23S ARgshe Ae 2829 98 5¢ WolM=
L ob) WskA £ich) ot ]2 Sol

[([a:d<b:d)A(b:d<c:d)]—(a:d<c:d)
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e
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A
9]
KH-
f
519
e,
4

(Ym,n € N)[(ma > nb <> mc > nd) A (ma = nb <> mec = nd) A (ma < nb < mc < nd)]
2 Aojslo] Q71 AT, o] AL Hol7] S

(Vm,n € N)[(ma > nb — mc > nd) A (ma = nb — mec =nd) A (ma < nb— mc < nd)]

gho g FEait o] AHAlS MrtE Z7h 49 glo] 22t o8k AX Y Mol & sk,
olstol A 187 @ ot
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AP AL fIece] AR 57 F WAL IS 2R R R 27 G 2=
AHB AL 2@ B2} a, b, ¢, d, e, f 5 TR AF o] AAES uf IAL ofH 27| YERY
0 b} L B0l S ujubt a2} b9} 2L F7e] 2712k Aol Al Aok

5A YA 11a:b=c:do]A c:d=¢c: fet1 5} d8|Ha:b=-c: fO|t}.
5 YA 18a:b=c:do|A c:d>e: fet 3tA I8|H a:b > e: fO]T}.

o3& Hol7] SIS *..9t ..o o] .o} .o v &It FASIh Y] Holot ok ..o Hl&
o] .o .| vlgutt Ak o] HolE Shlot AR RE FHot, fReEE 137 ek

ShEl GhA ool o YWAHO R the EE waeE 4 gk

AL H 2T} T FHSHAL AT, Sl Tk Zo] FHT 4 k. 94 o=

EE of® A m, n, m/, n/ o] tj5|

ma > nb, mc < nd

m'c>n'd, m'e<n'f
olct. Z12H

mn'a > nn'b, mn'c < nn'd

nm'c > nn'd, nm’e < nn'f
o|B 2 mn'c < nn'd < nm/co]1l, mn' < nm/ ©|11, mn'a < n’ma ©|tt. 18"
(nm')a > (nn')b, (nm')e < (nn')f

olgl ol=a:b>e: fEH= Aot
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3.2 53 BA 794 1074A] : 59| HadA G} v djaTA

I osoz AuE As2 tha3 2o

SAYA Ta=0F2 54 I¥Ha:c=b:col c:a=c:bo|t}

5A YA 8a>b kA I8 Ha:ec>b:cold c:a<c:bolt}

5A YA 9a:c=b:ce kA O8WH a=bo|t}t. EStc:a=c: b A OB H a=b

olct.

5A YA 10a:c>b:cet SFAF I8|H a > bo|th. EStc:a<c:b &t A I8H a > b

olct.

HA T2 vlEe] Fdee] Fo|iY Hir ey, f3T|ER 187 R Eot
BA 95 BA 8%
Slla:b>c:d)A(a:b=c:d)]

£ AHgste] ARHer YR, BA 102 F22Ee YA 7, 83
Slla:b>c:d)A(a:b<c:d)

2 AHgstel ARWOE FHAE

utebA gA| 8o] Rl 22 thet #2220 T2 = that

i

o}

rlo

5A YA 8a>bt 54 I¥WH a:c>b:col c:a < c:bo|th

a>bOlBER a=a; +ag ap = b2 & 5 Utk a1 ax F A A

b
dshd A7k 2 Aoltt.

o

o

=

rr

S St H, a:c=b: el & g a = b7} ofY2tal 7HYSHH Bgol
S& Hold "} 181 a=b7}ofYEtH a > bo]AY a < bSlH], 4] HALol=a:c>b:c
o|al o] Aol=b:c>a:coldl, o FLE Fol a:c=b:cT Bolk PA 100

A a1 < ax Al BF, a1 & mH H{F A ma; o] c By 4L 5ta, TG mas,

mb & AZYSA. 1 T ¢, 2, 3e, - & mbiTE ALOR AAE w47}
1A siA
(n—1)e <mb < nc

g2} A}

mag =mbo]A mb7F (n—1)c Bt 2] O HR may & (n—1)c B} 2HR] gt
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whebd] g2elso] gEe Hrt ]EAel A7 ThRglnka B Zlo] £& Zloli, PR

B Hartshorne®] Geometry: Euclid and BeyondZ2H 9] F
AE&E

“Euclid’s Propositions (I.2) and (I.3) about transporting line segments are effectively replaced
by axiom (C1). Proposition (I.4), (SAS), has been replaced by axiom (C6). Proposition (I.5) and
its proof are ok as they stand. In other words, every step of Euclid’s proof can be justified in a
straightforward manner within the framework of a Hilbert plane. [...] Summing up, we have the

following theorem.

Mo R ehasle] BeE st e 1k FEEAN, G Jeeh) grh

rlo



Theorem 10.4 All of Euclid’s proposition (I.1) through (1.28), except (I.1) and (1.22), can be

proved in an arbitrary Hilbert plane, as explained above” (97%, 102%)

“From the point of view of this book, however, there are two reasons to avoid using Dedekind’s
axiom. First of all, it belongs to the modern development of the real numbers and notions of
continuity, which is not in the spirit of Euclid’s geometry. Second, it is too strong. By essentially
introducing the real numbers into our geometry, it masks many of the more subtle distinctions
and obscures questions such as constructibility that we will discuss in Chapter 6. So we include

this axiom only to acknowledge that it is there, but with no intention of using it.” (116%)
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