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Number Fields

Motivation

Theorem(Fermat's two square theorem).

All primes p = 1(mod 4) is sum of two square numbers. i.e., p = a® + b?
for some a,b € Z
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Number Fields

Motivation

Theorem(Fermat's two square theorem).

All primes p = 1(mod 4) is sum of two square numbers. i.e., p = a® + b?
for some a,b € Z

Remark : p = 3(mod 4) cannot be sum of two squares.
Idea :

o a° + b? = (a+ bi)(a — bi)
o Define Z[i] = {a+ bi : a,b € Z}, similar to Z
@ Then FTST states : which prime in Z is not prime in Z[i]?

Hence, we have to know what Z[i] "looks" like. Similarly, for other number
theoretic questions, knowing structures like Z, Z[i] helps.
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Number Fields

Definition(Number Field).

Field K/Q with finite index [K : Q] < oo is called Number Field.
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Number Fields

Definition(Number Field).

Field K/Q with finite index [K : Q] < oo is called Number Field.

i.e., Number fields are finite (Q-vector spaces.

0eg QW2)={a+bvV2:a,bcQ}, Qi)={a+bi:abecQ}, ---

e countere.g. R, C, Q(7), Q---

They are the main topics of Algebraic Number Theory, for short, ANT,
and developed with history of ANT.
One of major objects about # field K is its Ring of Integers O.

Definition(Ring of Integers).

Ok ={ae K:f(a) =0 for some monic f € Z[x]} with ring structure.

o eg Oqyy=Zli]={a+bi:abeZ}
° OQ(ﬁ):Z[ﬂ]:{a—kb\@:a,bEZ}
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Number Fields

The relation between Ok and K is analogous to the relation between Z

and Q.
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Number Fields

The relation between Ok and K is analogous to the relation between Z

and Q.
e Og =%
o FracOkx =K
We can ask many "good" questions about Ok such as
@ Which Z-primes remain ‘prime’ in Ok?
@ Which Z-primes ramify in Ok?
o Is Ox UFD? etc.

Such questions can be answered via some invariants about K. For example,

Theorem(Chebotarev density theorem).

1

For number field K with degree n, ratio of Z-primes that remain prime is .
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Number Fields

Z[i] : From FTST, every prime p = 1(mod 4) is a®> + b?> = (a — bi)(a + bi),
hence not prime. As mentioned, p = 3 remains prime.

(2 = —i(1 4+ i)? is ramified)
. (ratio of ‘inert’ prime)= % = IOEY)
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Number Fields

Z[i] : From FTST, every prime p = 1(mod 4) is a®> + b?> = (a — bi)(a + bi),
hence not prime. As mentioned, p = 3 remains prime.

(2 = —i(1 4+ i)? is ramified)

.. (ratio of ‘inert’ prime)= 5 = (I0E0)

fury

1

We can answer second question with discriminant of number field.

Definition(Discriminant of Number field).

o1(b) - ou(bn)\’
Dk =det| : ¥/
on(b1) -+ on(bn)

where b; are integral basis of Ok, o;: K — C are injective ring
homomorphisms.

v
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Number Fields

Examples :
0 Q: Dg =det(1)? =1

o QV2): Dy = et 1 _*%)228

N2
) 1
o Q(i) : Dy = det (1 I/.) =—4

Z-prime p ramify in K iff p|Dg. \

N 2
=2 is ramified in Q(/) since 2| det <1 _II) =—4
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Number Fields

Q. Why UFD-ness of Ok important?
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A. (e.g.)If a Z[(,] is always UFD for Vn € N, FLT is true!

We can answer UFD-ness question via invariants.

Definition(ldeal Class Group).

For number field K, CI(K) = Fx/Px is the ideal class group of K, where
Fk, Pk is its group of fractional ideals, and group of principal fractional
ideals.
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Number Fields

Q. Why UFD-ness of Ok important?
A. (e.g.)If a Z[(,] is always UFD for Vn € N, FLT is true!

We can answer UFD-ness question via invariants.

Definition(ldeal Class Group).

For number field K, CI(K) = Fx/Px is the ideal class group of K, where
Fk, Pk is its group of fractional ideals, and group of principal fractional
ideals.

Intuition : Fk, Pk is group of ideals/principal ideals.
(For those who wonders, I C R for ring R is fractional ideal if al is ideal of
R for some a € R. If that ideal is principal, it's principal fractional ideal.)
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Number Fields

Definition(Class Number).

The class number hi of number field K is the cardinality of the ideal
class group, i.e., hx = #CI(K).
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Number Fields

Definition(Class Number).

The class number hi of number field K is the cardinality of the ideal
class group, i.e., hx = #CI(K).

Ok isPID < Fx=Px < CI(K)=1 < hx =1 \
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Number Fields

Definition(Class Number).

The class number hi of number field K is the cardinality of the ideal
class group, i.e., hx = #CI(K).

Ok is PID < Fx = Px <— C/(K)gl <~ hx=1

i.e., hx measures how "far" Ok is from PID!

A ring of algebraic integer Ok is UFD <= Ok is PID \

Remark 2. is from the fact that every Ok is Dedekind domain.
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Number Fields

Lamé : LHZF LT ZACED US Kummer : ANTE Cf B2 D 2= 2.
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o Kummer : Only for primes p { hg,)-
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Number Fields

Lamé : LUZF T ZACED1 US Kummer : ANTE G HIR D Q2.

@ Lamé : | proved FLT!

e Kummer : Only for primes p 1 hg(c,)-
Hence, we can answer

e Is Ok UFD?
by calculating hk... which is difficult.
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Number Fields

So now, we use L-function!

Definition(Dedekind zeta functions).

For number field K, we define Dedekind zeta function (x(s) as

1
“O= 2 T

Ideal /COk

° eg., Cols) = 2 W =Yn e = C(s)
Ck(s) shares good conditions with ((s).
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Number Fields

Properties of ((s)

@ Dirichlet series converges on Re(s) > 1
@ Reflection formula : .
£(s) =7 2T(3)¢(s) =~ 2 T(13°)C(1 — 5) = ¢(1 - s)

@ Hence, analytically continued to C, except for the pole s = 1.
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Number Fields

@ Dirichlet series converges on Re(s) >

o Reflection formula : .
E(s) =7 2M(3)¢(s) == T(33E)C(1 - 5) = &(1 — 5)

@ Hence, analytically continued to C, except for the pole s = 1.

Properties of (x(s)

@ Dirichlet series converges on Re(s) > 1
o Reflection formula : Ak(s) = |Dk|2Mr(s)Tc(s)?Ck(s) = Ak(1 — s)

@ Hence, analytically continued to C, except for the pole s = 1.

Where 'r(s) = w—%r(g), Fc(s) = (2m)~°T(s), r, r2 is the number of
real /complex(up to conjugation) homomorphism of K.
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Number Fields

Now, one can compute the residue of (k(s) at s = 1, then one can get one
of the most important formulas of (x(s).
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Number Fields

Now, one can compute the residue of (k(s) at s = 1, then one can get one
of the most important formulas of (x(s).

Theorem(Class number formula).

(K has a simple pole at s =1 and

2N (27r)’2 - Regyk - hk

e ) = T

where wyx = #{root of unity € K}, Regy is regulator of K.
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Number Fields

Now, one can compute the residue of (k(s) at s = 1, then one can get one
of the most important formulas of (x(s).

Theorem(Class number formula).

(K has a simple pole at s =1 and
2N (27r)’2 - Regyk - hk

e ) = T

where wyx = #{root of unity € K}, Regy is regulator of K.

e.g. K= Q(i). Well known : Ress—1(g(j) =1 — % + % — % +---= 7. So,
™ . 20-(271')1'1‘,7(@(,')
4 [—4]-4
T
N
4 Q(i)»

hence hg(jy = 1, i.e. Z[i] is UFD.(Overkill...)
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Elliptic Curves

Definition

Solution set of E : y? = x3 4 ax + b for a, b € Q with 4a3 +27b%> £ 0 is
called the Elliptic Curve.(E(C), E(Q),etc.)
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Elliptic Curves

Definition
Solution set of E : y?2 = x3 + ax + b for a, b € Q with 4a® + 27b*> £ 0 is
called the Elliptic Curve.(E(C), E(Q),etc.)

Q. Why EC is important?
A. Unique unsolved and unknown Diophantine eq. with 2 variables.

Number Th

; (B‘clszot}vt Peg,
Fal%gév
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Elliptic Curves
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In terms of # of Q-Solution set :
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Elliptic Curves
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In terms of # of Q-Solution set :
@ degree 1,2 - oo or O(trivial and easy)
o degree > 4 - finite!(Faltings, 1983)
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In terms of # of Q-Solution set :
@ degree 1,2 - oo or O(trivial and easy)
o degree > 4 - finite!(Faltings, 1983)
@ degree 3 - 0 or finite or co = ..
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Elliptic Curve

Our interest = E(Q) = {(x,y) € Q% : y?> = x> + ax + b} U {00}
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Elliptic Curve

Our interest = E(Q) = {(x,y) € Q% : y?> = x> + ax + b} U {00}
To borrow the power of algebra, endows group structure in EC as follows.
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Elliptic Curve

Our interest = E(Q) = {(x,y) € Q% : y?> = x> + ax + b} U {00}
To borrow the power of algebra, endows group structure in EC as follows.

A

R=P+Q

Here, identity is O = co. We can check EC forms abelian group!(c.f.
associativity is the most non trivial property.)
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Elliptic Curve

Our interest = E(Q) = {(x,y) € Q% : y?> = x> + ax + b} U {00}
To borrow the power of algebra, endows group structure in EC as follows.

A

/pp x
L R=P+Q

Here, identity is O = co. We can check EC forms abelian group!(c.f.
associativity is the most non trivial property.)
e We call them Mordell-Weil group of E.

MHS (SNUMPS) L connnecting NF and EC October 1st, 2025 21/41




Elliptic Curves

Theorem(Mordell-Weil Theorem).

For every elliptic curve E, E(Q) is finitely generated abelian group. i.e., we
can write E(Q) 2 Z" ® E(Q)tor
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Elliptic Curves

Theorem(Mordell-Weil Theorem).

For every elliptic curve E, E(Q) is finitely generated abelian group. i.e., we
can write E(Q) 2 Z" ® E(Q)tor

@ torsion part : trivial(?) and easy.
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Elliptic Curves

Theorem(Mordell-Weil Theorem).

For every elliptic curve E, E(Q) is finitely generated abelian group. i.e., we
can write E(Q) 2 Z" ® E(Q)tor

@ torsion part : trivial(?) and easy.
o rank part : &...
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Elliptic Curves

Theorem(Mordell-Weil Theorem).

For every elliptic curve E, E(Q) is finitely generated abelian group. i.e., we
can write E(Q) 2 Z" ® E(Q)tor

@ torsion part : trivial(?) and easy.
o rank part : &...

Theorem(Mazur's torsion theorem).

E(Q)tor is isomorphic to one of these :
e 7Z/nZ forn=1,2,3,4,5,6,7,8,9,10,12
e (Z/2nZ) @ (Z/2Z) for n=1,2,3,4
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Elliptic Curves

Theorem(Mordell-Weil Theorem).

For every elliptic curve E, E(Q) is finitely generated abelian group. i.e., we
can write E(Q) = Z" @ E(Q)tor

@ torsion part trivial(?) and easy.
@ rank part :

Theorem(Mazur's torsion theorem).

E(Q)tor is isomorphic to one of these :
e 7Z/nZ forn=1,2,3,4,5,6,7,8,9,10,12
o (Z/2nZ) @ (Z/2Z) for n=1,2,3,4

Theorem(Elkies & Zev Klagsbrun ; 2024).

The rank of the elliptic curve Exg : y? + xy = x> — ax + b is > 29, and
equality holds if Riemann hypothesis for L(E, s) holds true.

V|

- = = S neu
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Elliptic Curves

Here, the L-function for elliptic curve is defined as follows.
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Elliptic Curves

Here, the L-function for elliptic curve is defined as follows.

Definition(Hasse-Weil L-function for Elliptic Curve).

For elliptic curve E, Hasse-Weil L-function of L(E,s) is defined as the
following Euler product

L(E,s) =[] Lo(E.5)"

where
1 if P2 | N
L(E,s) =< 1xp~*° ifpl| N
1—apps+p=2 ifptN

and a, := (p+ 1) — #E(Fp), N is the conductor of E.
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Elliptic Curves

Here, the L-function for elliptic curve is defined as follows.

Definition(Hasse-Weil L-function for Elliptic Curve).

For elliptic curve E, Hasse-Weil L-function of L(E,s) is defined as the
following Euler product

L(E,s) =[] Lo(E.5)"

where
1 if P2 | N
L(E,s) =< 1xp~*° ifpl| N
1—apps+p=2 ifptN

and a, := (p+ 1) — #E(Fp), N is the conductor of E.

c.f. E remains elliptic curve(i.e., has no multiple zero) on Fy, iff p{ N

MHS (SNUMPS) L connnecting NF and EC October 1st, 2025

23 /41



Elliptic Curves

For those who misunderstand : #E(F,) = #{a,b € F, : y?> = x>+ ax + b}
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Elliptic Curves

For those who misunderstand : #E(F,) = #{a,b € F, : y?> = x>+ ax + b}

Again, similar to {(s)

Properties of ((s)

@ Dirichlet series converges on Re(s) > 1
@ Reflection formula : .
E(s) =m2T(3)¢(s) =~ 2 T(43°)¢(1 —5) = &(1 —s)

@ Hence, analytically continued to C, except for the pole s = 1.
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Elliptic Curves

For those who misunderstand : #E(F,) = #{a,b € F, : y?> = x>+ ax + b}

Again, similar to {(s)

Properties of ((s)

@ Dirichlet series converges on Re(s) > 1
@ Reflection formula : .
(s)=m72M(5)(s) =m 2 T3 —s) =&(1 —9)

@ Hence, analytically continued to C, except for the pole s = 1.

Properties of L(E,s)

o Dirichlet series converges on Re(s) > 3
o Reflection formula : A(E,s) = N2 (2x)~sT(s)L(E,s) = wA(E,2 — s)
for some w = +1. (This is from Modularity theorem!)

@ Hence, analytically continued to C except for some poles.

) = = = YO
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Elliptic curves

1M$ Millennium problem about L(E,s) : BSD!
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Elliptic curves

1M$ Millennium problem about L(E,s) : BSD!

Conjecture(Birch and Swinnerton-Dyer conjecture).

For any elliptic curve E,

rankE(Q) = i_);c{ L(E,s)
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Elliptic curves

1M$ Millennium problem about L(E,s) : BSD!

Conjecture(Birch and Swinnerton-Dyer conjecture).

For any elliptic curve E,

rankE(Q) = i_);c{ L(E,s)

L(E’ 5) — C1(S _ 1)rankE(@) + O((S _ 1)rankE(Q)+1)
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Elliptic curves

1M$ Millennium problem about L(E,s) : BSD!

Conjecture(Birch and Swinnerton-Dyer conjecture).

For any elliptic curve E,

rankE(Q) = ?Lc{ L(E,s)

L(E’ 5) — C1(S _ l)rankE(@) + O((S _ 1)rankE(Q)+1)

@ BSD connects the algebraic data(Mordell-Weil group) with analytic
data(Hasse-Weil L-function).
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Elliptic Curves

One way to calculate rankE(Q) : descent!(for short, calculating
E(Q)/mE(Q)). In the process, we need to know one more invariant about

EC.
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Elliptic Curves

One way to calculate rankE(Q) : descent!(for short, calculating

E(Q)/mE(Q)). In the process, we need to know one more invariant about
EC.

Definition(Tate-Shafarevich group).

We define Tate-Shafarevich group of an elliptic curve E as following :

MI(E/Q) := (1) ker (H'(G(Q), E) - H'(G(Q,),E.))

place v

where v runs for all places of Q.
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Elliptic Curves

One way to calculate rankE(Q) : descent!(for short, calculating

E(Q)/mE(Q)). In the process, we need to know one more invariant about
EC.

Definition(Tate-Shafarevich group).

We define Tate-Shafarevich group of an elliptic curve E as following :

MI(E/Q) := (1) ker (H'(G(Q), E) - H'(G(Q,),E.))

place v

where v runs for all places of Q.

Precise definition of III... skip.

@ Intuition : IIT measures the failure of local-global principal!
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Outline

@ The analogy
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The Analogy

Object in EC and NF aligns.
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The Analogy

Object in EC and NF aligns.

1st example :

Number Field : Theorem.

hk is always finite.
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The Analogy

Object in EC and NF aligns.

1st example :

Number Field : Theorem.
hk is always finite.

Elliptic Curve : Conjecture(Tate-Shafarevich Conjecture).
HI(E/Q) is always finite.

FEENCYED)

L connnecting NF and EC

October 1st, 2025

28 /41



The Analogy

L
AW

wam, S 4G
-y

MHS (SNUMPS) L connnecting NF and EC October 1st, 2025 29 /41



The Analogy

But, there is one more thing. Remind :
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The Analogy

But, there is one more thing. Remind :

Elliptic Curve : Theorem(Mordell-Weil theorem).

E(Q) is finitely generated. i.e., E(Q) =2 Z" ® E(Q)tor where E(Q)or is one
of particular finite abelian groups.
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The Analogy

But, there is one more thing. Remind :

Elliptic Curve : Theorem(Mordell-Weil theorem).

E(Q) is finitely generated. i.e., E(Q) =2 Z" ® E(Q)tor where E(Q)or is one
of particular finite abelian groups.

While in the NF side, we have the following important theorem.
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The Analogy

But, there is one more thing. Remind :

Elliptic Curve : Theorem(Mordell-Weil theorem).

E(Q) is finitely generated. i.e., E(Q) =2 Z" ® E(Q)tor where E(Q)or is one
of particular finite abelian groups.

While in the NF side, we have the following important theorem.

Number Field : Theorem(Dirichlet unit theorem).

O is finitely generated. i.e., Og = Z" & (O )tor Where r = + 1 — 1,
(O;é)tor =0knN St.
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The Analogy
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The Analogy

In NF side, we have Reflection formula
) |DK|%FR(S)r1 r(c(s)rz(:K(S) = |DK|%FR(1 — S)rlr(c(]. — S)rch(l — S)
o Where Mg(s) = 7731(5), Tc(s) = (2m) T (s)
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The Analogy

In NF side, we have Reflection formula
o |Dk|3Tr(s)*Te(s)2Ck(s) = |Dk| 2 Tr(1 - $)'Te(1 — s)2(k(1 — s)
o Where Mg(s) = 7731(5), Tc(s) = (2m) T (s)

Checking order at s =1, we have ords—o(k(s) =n+rn —1
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The Analogy

In NF side, we have Reflection formula
o [Dk|3Ta(s)" e (s)2Ck(s) = Dkl = Tr(1 — s)"Te(l = 5)2¢k(1—s)
o Where Mg(s) = 7731(5), Tc(s) = (2m) T (s)

Checking order at s =1, we have ords—o(k(s) =n+rn —1

...which is = rankO
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The Analogy

So we get the second analogy :
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The Analogy

So we get the second analogy :

Elliptic Curve : Conjecture(Birch and Swinnerton-Dyer conjecture).

rankE(Q) = ord L(E, s)

s=1

MHS (SNUMPS) L connnecting NF and EC October 1st, 2025 33/41



The Analogy

So we get the second analogy :

Elliptic Curve : Conjecture(Birch and Swinnerton-Dyer conjecture).

rankE(Q) = 0101' L(E,s)

v

Number Field : Theorem.

rankO = orc(tl) Ck(s)
5=
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The Analogy

So we get the second analogy :

Elliptic Curve : Conjecture(Birch and Swinnerton-Dyer conjecture).

rankE(Q) = 0101' L(E,s)

v

Number Field : Theorem.

rankO = orc(tl) Ck(s)
5=

well well well.... not end yet.
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The Analogy

In fact, we have precise version of BSD.
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The Analogy

In fact, we have precise version of BSD.

Conjecture(Precise Birch and Swinnerton-Dyer conjecture).

For every elliptic curve E,

rankE(Q) = 0101' L(E,s)=r

and
i LES) #II(E/Q) - Rege - Qe - [ n o
s=1(s—1)r (#E(Q)tor)?

for Regg is the regulator of E, Qf is the real period of E, ¢, is the
Tamagawa number of E at p.
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The Analogy

In fact, we have precise version of BSD.

Conjecture(Precise Birch and Swinnerton-Dyer conjecture).

For every elliptic curve E,

rankE(Q) = 0101' L(E,s)=r

and
i LES) #II(E/Q) - Rege - Qe - [ n o
s=1(s—1)r (#E(Q)tor)?

for Regg is the regulator of E, Qf is the real period of E, ¢, is the
Tamagawa number of E at p.

Now, let's calculate coeff. of (x at s =0
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The Analogy

(] |DK|%FR(S)r1 r(c(S)rZCK(S) = |DK|%FR(1 — S)rlr(c(]. — S)rch(]. — S)
o Where 'g(s) = w*%r(g), Fc(s) = (2m)~°I(s)
Taking Res at both sides, we can get the following.
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The Analogy

(] |DK’%FR(S)r1 r(c(S)rZCK(S) = |DK|%FR(1 — S)rlr(c(]. — S)rng(l — S)
o Where 'g(s) = f%r(g), Fc(s) = (2m)~°I(s)
Taking Res at both sides, we can get the following.

For every number field K,
rankOy = orc(i) Ck(s)=r
s=

and

im SK(8) _ i Rege _ #CI(K) - Regy
s—0 s’ Wk (O )tor
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The Analogy

(] |DK’%FR(S)r1 r(c(S)rZCK(S) = |DK|%FR(1 — S)rlr(c(]. — S)rng(l — S)
o Where 'g(s) = f%r(g), Fc(s) = (2m)~°I(s)
Taking Res at both sides, we can get the following.

For every number field K,
rankOy = orc(i) Ck(s)=r
s=

and

im SK(8) _ i Rege _ #CI(K) - Regy
s—0 s’ Wk (O )tor

Hence we get the real correspondence between EC and NF.
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The Analogy

Elliptic Curve : Conjecture(Precise BSD).
For every elliptic curve E, rankE(Q) = ords—; L(E,s) = r and

i L(E,s) _ #II(E/Q) - Regg - Qe - [[on
so1(s—1)r (#E(Q)rtor)?

for Regg is the regulator of E, Qf is the real period of E, ¢, is the
Tamagawa number of E at p.
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The Analogy

Elliptic Curve : Conjecture(Precise BSD).

For every elliptic curve E, rankE(Q) = ords—; L(E,s) = r and

i L(E,s) _ #II(E/Q) - Regg - Qe - [[on
so1(s—1)r (#E(Q)rtor)?

for Regg is the regulator of E, Qf is the real period of E, ¢, is the
Tamagawa number of E at p.

Number Field : Theorem.

For every number field K, rankO) = ords—o (x(s) = r and

s—0 Sr #(O; )tOr

for Regg is the regulator of K.

im Ck(s) _#CI(K) -Regy

V|
— = = — oyt
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Where does the analogy come from?

The analogy is clear, but ambiguous.
0 Ck(s) _ _ #C(K)-Regy
s’ #(O; )tor

o limg_,
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Where does the analogy come from?

The analogy is clear, but ambiguous.

o limy o S — — £ Ress
li L(E,s) #]—H(E/Q)'RegE'QE'Hp\NCP
¢ Ms=1s—1yr = (HE(Q)ror 2
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Where does the analogy come from?

The analogy is clear, but ambiguous.

o limy o S — — £ Ress
li L(E,s) #]—H(E/Q)'RegE'QE'Hp\NCP
¢ Ms=1s—1yr = (HE(Q)ror 2

Some ambiguous points :
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Where does the analogy come from?

The analogy is clear, but ambiguous.

o limy o S — — £ Ress
li L(E,s) #]—H(E/Q)'RegE'QE'Hp\NCP
¢ Ms=1s—1yr = (HE(Q)ror 2

Some ambiguous points :

o Where are Qg, [,y ¢p gone?

p|
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Where does the analogy come from?

The analogy is clear, but ambiguous.

o limy o S — — £ Ress
li L(E,s) #]—H(E/Q)'RegE'QE'Hp\NCP
¢ Ms=1s—1yr = (HE(Q)ror 2

Some ambiguous points :

© Where are Qg, ], cp gone?
o Why #(O% )tor but (#E(Q)tor)? in the denominator?
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Where does the analogy come from?

The analogy is clear, but ambiguous.

o limy o S — — £ Ress
li L(E,s) #]—H(E/Q)'RegE'QE'Hp\NCP
¢ Ms=1s—1yr = (HE(Q)ror 2

Some ambiguous points :
® Where are Qg, [
o Why #(O% )tor but (#E(Q)tor)? in the denominator?
@ Why s =1in EC, but s =0 in NF?

N Cp gone?
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Where does the analogy come from?

The analogy is clear, but ambiguous.

o limy o S — — £ Ress
li L(E,s) #]—H(E/Q)'RegE'QE'Hp\NCP
¢ Ms=1s—1yr = (HE(Q)ror 2

Some ambiguous points :
® Where are Qg, [
o Why #(O% )tor but (#E(Q)tor)? in the denominator?
@ Why s =1in EC, but s =0 in NF?

@ Where does the minus in NF side come from?

N Cp gone?
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Where does the analogy come from?

The analogy is clear, but ambiguous.

o limy o S — — £ Ress
li L(E,s) #]—H(E/Q)'RegE'QE'Hp\NCP
¢ Ms=1s—1yr = (HE(Q)ror 2

Some ambiguous points :
@ Where are Qp, Hp“\, cp gone?
o Why #(O% )tor but (#E(Q)tor)? in the denominator?
@ Why s =1in EC, but s =0 in NF?
@ Where does the minus in NF side come from?
@ Why Theorems in NF, but Conjectures in EC?
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Where does the analogy come from?

The analogy is clear, but ambiguous.

o limy o S — — £ Ress
li L(E,s) #]—H(E/Q)'RegE'QE'Hp\NCP
¢ Ms=1s—1yr = (HE(Q)ror 2

Some ambiguous points :
Where are Qg, ]
Why #(O g )tor but (#E(Q)tor)? in the denominator?
Why s =1 in EC, but s =0 in NF?

Where does the minus in NF side come from?

@ Why Theorems in NF, but Conjectures in EC?

12{A|2... As mentioned, we'll not talk about how those come from. Just
"throw" the topics.

N Cp gone?
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Overview of the analogy

Why they align?
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Overview of the analogy

Why they align?
Big Picture : Scheme
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Overview of the analogy

Why they align?
Big Picture : Scheme
@ (i is in fact Hasse-Weil L-function for the scheme Spec(Ok).
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Overview of the analogy

Why they align?
Big Picture : Scheme

@ (i is in fact Hasse-Weil L-function for the scheme Spec(Ok).
We can generalize Hasse-Weil L-function for
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Overview of the analogy

Why they align?
Big Picture : Scheme

@ (i is in fact Hasse-Weil L-function for the scheme Spec(Ok).
We can generalize Hasse-Weil L-function for
@ general curve
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Overview of the analogy

Why they align?
Big Picture : Scheme

@ (i is in fact Hasse-Weil L-function for the scheme Spec(Ok).
We can generalize Hasse-Weil L-function for
@ general curve

@ algebraic variety
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Overview of the analogy

Why they align?
Big Picture : Scheme
@ (i is in fact Hasse-Weil L-function for the scheme Spec(Ok).

We can generalize Hasse-Weil L-function for

@ general curve
@ algebraic variety

@ scheme(Arithmetic zeta function)
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Overview of the analogy

Why they align?
Big Picture : Scheme

@ (i is in fact Hasse-Weil L-function for the scheme Spec(Ok).
We can generalize Hasse-Weil L-function for

@ general curve

@ algebraic variety

@ scheme(Arithmetic zeta function)

Much Bigger Picture : Motive!
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Overview of the analogy

q4gs
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Overview of the analogy

Es
motive 012121 5S6f4120] HYXF

M0 3j=7| ofdnta .
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Definition of Motive :
MHS (SNUMPS) L connnecting NF October 1st, 2 39/41




Overview of the analogy

488

motive 0|27 S=3H4 20| HAF

Hof 3h=7] ofnte .
B2 e(2l25)

MAS
OHES i
o1 2

motive S50 A =70I7ta?

o2F 11:19
@
B0 SRBHE 2B BEU [
=
23 11:21 s
Definition of Motive :
s o (X, p,m), where X

i, ot .-y eltors i wple
(u
Mp, Mg, M, s, Masisyy

overthe rings

Mo My Mot compon 560Dy, s compes s W o F, )

Q.Q.4%,Q,
respectively,various comparison somorphisms
COMPp 7, COMP, .+ COMPeris D
between the obvious base changes of these modules, fitrations W, F' a action 6 o th
obenius” automorphism @ of Mesp. This data
bout what

e Galois group Gal(Q, Q) on My, and a

MHS (SNUMPS) L connnecting NF

October 1st, 2 39/41




Overview of the analogy

488

motive 0|27 S=3H4 20| HAF

Hof 3h=7] ofnte .
B2 e(2l25)

MAS
OHES i
o1 2

motive S50 A =70I7ta?

o2F 11:19
@
B0 SRBHE 2B BEU [
=
23 11:21 s
Definition of Motive :
s o (X, p,m), where X

i, ot .-y eltors i wple
(u
Mp, Mg, M, s, Masisyy

overthe rings

Mo My Mot compon 560Dy, s compes s W o F, )

Q.Q.4%,Q,
respectively,various comparison somorphisms
COMPp 7, COMP, .+ COMPeris D
between the obvious base changes of these modules, fitrations W, F' a action 6 o th
obenius” automorphism @ of Mesp. This data
bout what

e Galois group Gal(Q, Q) on My, and a

skip.

MHS (SNUMPS) L connnectin

NF

October 1st, 2 39/41




Big Picture of the analogy

@ In short : Motive = Schemes with extra structure... with extra
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L(s, M), which is generalization of both (x and L(E,s).

Conjecture(Bloch-Kato conjecture for L-functions).

L(s, M) has zero at s = 0 with order

ord L(s, M) = dim H{ (G, V*(1)) — dim Ho(Gk, V*(1))

and and Taylor coefficient at s = 0 is proportional to III - Reg.
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...where those are about is global Bloch-Kato Selmer group, absolute
Galois group, continuous Galois cohomology.

MHS (SNUMPS) L connnecting NF and EC October 1st, 2025 40 /41



Big Picture of the analogy

@ In short : Motive = Schemes with extra structure... with extra
structure

@ We can also make L-function with motive : Motivic L-function
L(s, M), which is generalization of both (x and L(E,s).

Conjecture(Bloch-Kato conjecture for L-functions).

L(s, M) has zero at s = 0 with order

ord L(s, M) = dim H{ (G, V*(1)) — dim Ho(Gk, V*(1))

and and Taylor coefficient at s = 0 is proportional to III - Reg.

...where those are about is global Bloch-Kato Selmer group, absolute
Galois group, continuous Galois cohomology.
@ Motivic L-function is one part of Langlands Program!
o More precise : All motivic L is automorphic L.(Like Modularity
theorem.)
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The End
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