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Larger architecture =⇒ Better performance.

Q: Can large network do anything?
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Input x : digitized vector in Rdx .

Image, Tokenized words, Coordinates, etc.

Output y : digitized vector in Rdy .

Class label, Tokenized words, Function value, etc.

Model f : Function y = f (x).
x → z0, zℓ → zℓ+1, zL+1 → y = f (x).
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Topics in Universal Approximation Theorem

Possiblility: For any function, neural network can approximate it.

Wide Network. (non-constructive proof)

Deep Network. (constructive proof)

Approximation Error. (Curse of dimensionality)

Impossiblity: There exists a function neural network cannot approximate
under some constraints.

Wide Network. (with Bounded Weights)

Deep Network. (with Narrow Widths)
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UAT for Wide Network

Theorem ( [Cybenko, 1989, Hornik, 1991])

Suppose f ∈ C
(
Rd
)
or Lp

(
Rd
)
.

For any ε > 0 and a compact set Ω ⊂ Rd , there exists a two-layer neural
network F such that

∥f − F∥ < ε.
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Sketch of Proof

If σ (t) → 1 and σ (−t) → 0 as t → ∞, we call σ is sigmoidal
function.

If
∫
Ω σ (w · x + b) f (x) dx = 0 for all w ∈ Rd and b ∈ R implies

f = 0, we call σ is discriminatory.

We will show that if σ is a discriminatory, then the set

S =

{
g(x) | g (x) =

m∑
i=1

viσ (wi · x + bi ) ,m ∈ N

}

is dense subset of C (Ω), i.e. S̄ = C (Ω).
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Sketch of Proof

If S̄ ̸= C (Ω), then there is a linear map that separates S̄ and C (Ω).

Theorem (Hahn-Banach Theorem)

Let A,B be closed vector spaces and A ⪇ B. Then, there exists a linear
map L such that

L (A) = 0, L (B) ̸= 0.

Example 1: A = {(x , 0) | x ∈ R}, B = Rd . L (x , y) = y .

Example 2: Pn is the set of polynomial of degree at most n. Pn ⪇ C (Ω),
and L (f ) = Dn+1f is zero on Pn but not on C (Ω).
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Sketch of Proof

If S̄ ⪇ C (Ω), there exists L such that L
(
S̄
)
= 0 but L (C (Ω)) ̸= 0.

Theorem (Riesz Representation Theorem)

Let L be a bounded linear functional on C (Ω). Then, there is a measure µ
such that for any h ∈ C (Ω),

L (h) =

∫
Ω
h (x) dµ (x).

Roughly, we may say that

L (h) =

∫
Ω
h (x) g (x) dx ,

for some nonzero g : Rd → R.
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Sketch of Proof

Consider h = σ (w · x + b) for all w and b.

L (h) = L (σ (w · x + b)) =

∫
Ω
σ (w · x + b) g (x) dx = 0.

Since σ is discriminatory, we have contradiction g = 0.
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Sketch of Proof

Lemma

Any bounded, continuous sigmoidal function, σ is discriminatory.
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Corollary

Suppose σ = max {0, x}. Then, the set

S =

{
g (x) | g (x) =

m∑
i=1

viσ (wi · x + bi )m ∈ N

}

is dense subset of C (Ω).

Since ρ (x) := σ (x + 1)− σ (x) is bounded continuous sigmoidal function,
the set {

g (x) | g (x) =
m∑
i=1

viρ (wi · x + bi )m ∈ N

}
is dense.
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There are many kinds of UAT for deep learning, but proofs of those
theorems differ each other.

However, most of such theorems have used the classical result from
[Cybenko, 1989, Hornik, 1991].
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Theorem (UAT for deep
network [Lu et al., 2017, Kidger and Lyons, 2020])

Suppose f ∈ C
(
Rd
)
or Lp

(
Rd
)
.

For any ε > 0 and a compact set Ω ⊂ Rd , there exists a neural network F
of width d + 4 such that

∥f − F∥ < ε.
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Sketch of Proof

Construct deep network to copy wide two-layered network.

Since the two-layer network can approximate arbitrary function, and deep
network can copy any two-layer network, it is also able to approximate a
target function.
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Basic results on UAT is proved by contradiction with Hahn-Banach
Theorem, which guarantees only the existence.

Q: How many parameters are required to achieve ε error?
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Theorem ([Yarotsky, 2017])

Let f be a Lipschitz function with ∥f ∥∞ , ∥Df ∥∞ ≤ 1. For any ε > 0,
there is a ReLU network F that has at most O

(
ε−d log (1/ε) + 1

)
weights, such that ∥f − F∥∞ ≤ ε.

The theorem has constructive proof, so we can count the number of
computation unit in every node and layers.

The exponential term ε−d is called the Curse of Dimensionality.
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Sketch of Proof

1 The target function f is uniformly approximated by the Taylor
expansion, locally.

2 Merge the ‘local Taylor expansions’ via a partition of unity.
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Sketch of Proof

Approximating multiplication ×(x , y) = xy

Proposition

Given M > 0 and ε ∈ (0, 1), there is a ReLU network η with two input
units that implements a function ×̃ : R2 → R so that

1 for any inputs x , y, if |x | ≤ M and |y | ≤ M, then
∣∣×̃ (x , y)− xy

∣∣ ≤ ε;

2 if x = 0 or y = 0, then ×̃ (x , y) = 0;

3 the depth and the number of weights and computation units in η are
not greater than c1 log

(
1
ε

)
+ c2 with an absolute constant c1 and a

constant c2 = c2 (M).
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Sketch of Proof

1 A multiplication ×(x , y) := xy is derived from square on [0, 1]2:

xy =
M2

8

((
|x + y |
2M

)2

−
(

|x |
2M

)2

−
(

|y |
2M

)2
)
.

2 A sum of compositions gs(x) =

s︷ ︸︸ ︷
g ◦ g ◦ · · · ◦ g of the ‘tooth’ function

g(x) = σ (x)− 4σ

(
x − 1

2

)
+ 2σ (x − 1)

efficiently approximates the square function.
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Sketch of Proof

g(x) =

{
2x x ∈

[
0, 12
]

2(1− x) x ∈
[
1
2 , 1
]

gs(x) =

{
2s
(
x − 2k

2s

)
x ∈

[
2k
2s ,

2k+1
2s

]
2s
(
2k
2s − x

)
x ∈

[
2k−1
2s , 2k2s

]
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Sketch of Proof

sup
x∈[0,1]

|f (x)− fs | (x) ≤
1

4
2−2s
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Sketch of Proof

The remainder term of the n-th order Taylor expansion is uniformly
bounded on a small range

[
− 1

N ,
1
N

]
:∣∣∣∣∣f (x0 + x)−

n−1∑
k=0

1

k!
f (k)(x0)x

k

∣∣∣∣∣ = 1

n!

∣∣∣f (n) (x0 + x∗) xn
∣∣∣ ≤ 1

n!

(
1

N

)n

.
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Sketch of Proof

For given N ∈ N and m = 0, 1, . . . ,N, ϕm(x) = ψ
(
3N
(
x − m

N

))
forms a

partition of unity, where

ψ(x) =


1, |x | < 1,

0, 2 < |x | ,
2− |x | , 1 ≤ |x | ≤ 2.
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Sketch of Proof

Expand f as the Taylor series with the partition:

f (x) =
N∑

m=0

ϕm(x)f (x) (partition of unity)

≈
N∑

m=1

ϕm(x)
n−1∑
k=1

1

k!
f (k)

(m
N

)(
x − m

N

)k (
error ≤ C1(n)

(
1

N

)n)

=
N∑

m=1

n−1∑
k=1

1

k!
f (k)

(m
N

)
ϕm(x)

(
x − m

N

)k
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Sketch of Proof

Each ϕm(x)
(
x − m

N

)k
includes at most n multiplications:

ϕm(x)
(
x − m

N

)k
≈ ×̃

(
ϕm(x), ×̃

(
x − m

N
, · · ·

))
︸ ︷︷ ︸

k times of ×̃

.

Since each ×̃ yields at most δ, at most nδ error occurs.

N∑
m=1

n−1∑
k=1

1

k!
f (k)

(m
N

)
ϕm(x)

(
x − m

N

)k
≈

N∑
m=1

n−1∑
k=1

1

k!
f (k)

(m
N

)
×̃
(
ϕm(x), ×̃

(
x − m

N
, · · ·

))
(error ≤ C2(n)δ)
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Sketch of Proof
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This constructive proof takes divide and conquer strategy: construct
network approximating local bases such as polynomial and merge them
using the partition of unity.

It is known that the curse of dimensionality occurs in any parameterized
function class[DeVore et al., 1989].

A study on which functions can be efficiently approximated by neural
network results in Barron space.
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Theorem (UAT for Deep Network [Johnson, 2019])

d ≥ 2 : input dimension

σ : uniformly continuous activation function that can be
approximated by one-to-one functions

Then neural networks with width d cannot approximate any function with
a level set containing a bounded path component.

Activation function classes include sigmoid, ReLU, or other frequently used
functions.
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Sketch of Proof

Lemma

If all weight matrices of width d networks are invertible and σ is
one-to-one activation function, then f −1 (y) is homeomorphic to an open
(possibly empty) subset of Rd−1.

In particular, f −1 (y) has unbounded component.

Changhoon Song (RIM) UAT 12.22 38 / 60



Sketch of Proof
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Sketch of Proof

Lemma

If M is a model family in which every function has unbounded level
components then any function approximated by M has unbounded level
components.

If two outputs are close enough then level sets of them are close.
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If width is less than input dimension, neural networks cannot approximate
a function with bounded level set.

Width is required for breaking topological property.

Changhoon Song (RIM) UAT 12.22 41 / 60



Index

1 Introduction

2 Universal Approximation Theorem: Positive

3 Universal Approximation Theorem: Quantitative

4 Universal Approximation Theorem: Negative

5 Further Topics

Changhoon Song (RIM) UAT 12.22 42 / 60



Convolutional Neural Networks(CNNs)

Some task or data are essentially translation equivariant/invariant.
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Use convolution instead of dense linear map.
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Cyclic padding: exact translation equivariance.

Zero padding: more common, break translation equivariance.
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Theorem ([Yarotsky, 2022, Maron et al., 2019])

Provided cyclic padding, CNNs are dense in the space of translation
equivariant function.

If the CNN is followed by linear layer, then it is dense in the space of
translation invariant function.

Can approximate translation
equivariant function.

Can approximate translation
invariant function.
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Theorem ([Zhou, 2020])

Provided zero padding, CNNs are dense in the space of continuous
function.

Wide CNNs can approximate any function,
since they are equivalent to MLPs.
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Recurrent Neural Networks(RNNs)
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Use output at time t to attain output at time t + 1.
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Theorem ([Schäfer and Zimmermann, 2006])

The set of recurrent neural networks

st+1 = σ (Ast + Bxt + C )

yt = Wst

is dense in the space of open dynamical systems.

Every Causal mapping can be represented as open dynamical system.
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Theorem ([Song et al., 2023])

The set of deep RNNs of width dx + dy + 4 is dense in the space of causal
functions.
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Attention Layer (Transformer)

Attention is inner product of key and quary.

Attention is permutation-equivariant.

Transformer

Transformer architecture is composition of linear and attention layers.
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Theorem ([Yun et al., 2020])

Without positional encoding, transformers are dense in the space of
permutation equivariant functions.

With positional encoding, transformers are dense in the space of
continuous functions.
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Other Layers

For each layer designed to satisfy specific properties, the universal
approximation theorem in the space of functions with the properties need
to hold and have been proved.
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Thank You
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